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The Geometry of a Birdcage RF Coil.

The COMSOL Build for Two Meshes.

Mesh-1 ( All Tetra-10,  automatic ). 

Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).

Solution with Uncertainty for Mesh-1 and -2.

Concluding Remarks.
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The Governing Equations.
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The Governing Equations.
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Highpass birdcage coil       Lowpass birdcage coil

Hybrid birdcage coil               

The Geometry of a Birdcage RF Coil.
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The Geometry of a Birdcage RF Coil.
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For a parametric mesh 
design, we introduce a 
new parameter named 
“refine.”   For a typical run, 
we set refine to be 0.85.

Mesh-1 ( All Tetra-10,  automatic ). 
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Typical Analysis Results for Finding Resonance Frequencies

A typical first resonance 
frequency at about 77.2 MHz

Mesh-1 ( All Tetra-10,  automatic ). 



Jeffrey T. Fong, NIST, Gaithersburg, MD 
20899 USA.  Tel: 1-301-975-8217                

Email: fong@nist.gov
1010/18/2016

For our first FEM 
modeling exercise with 
uncertainty 
quantification (UQ),
we choose two basic 
mesh designs, namely, 
all-tetra, and mixed 
(about 90 % hex, and 
10 % tetra).

For the all-tetra design,
we chose to make  5  
runs at refine = 0.95, 
0.90, 0.85, 0.80, and 
0.70.   Typical results 
for two refine values, 
0.90, and 0.70, are 
given on the right.

S11, a measurable parameter

S11 = - 3.79501 dB

S11 = - 3.80927 dB

Max. impedance

Max. impedance

Mesh-1 ( All Tetra-10,  automatic ). 
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What is a 

nonlinear least squares

logistic function fit ?

Ans.

What is a logistic function ? 
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What is a logistic function ? 
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NLLSQ (Example 1.   Wrench)

Step-2.   Use a  nonlinear least squares logistic fit to find the “best”

estimate of the solution with uncertainty at a billion d.o.f.
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NLLSQ  (Example 2.   RF Coil-All tetra)

S11 = - 3.79501 dB

S11 = - 3.80927 dB
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S11 = - 3.79501 dB

S11 = - 3.80927 dB

Mesh-1 ( All Tetra-10,  automatic ). 
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Mesh-1 ( All Tetra-10,  automatic ). 
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d.o.f. not smooth, DISCARD 

Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).
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Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).
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All-tetra-run Result
d.o.f.          |S11|

1,247,824     378.32
1,259,840     379.50
1,376,914     378.60
1,380,664     380.79
1,691,426     380.93

- - - - - - - - - -
infinity       381.90

+/- 147.2

Mixed-tetra-and-
hexa27-run Result 

.

d.o.f.          |S11|
------- ---------

366,804      469.77
500,500      460.35
641,130      459.93
818,042      457.94

1,541,544      449.29
- - - - - - - - - -

infinity        436.84
+/- 76.36

Solution with Uncertainty for Mesh-1 and -2
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Concluding Remarks.

1. An accurate estimate of uncertainty in FEM-based solution is essential in 
verification (V1) and validation (V2) of the solution when FEM analysis is considered 
as a “numerical experiment.”

2.      To estimate uncertainty of FEM results due to 
(1) element type and mesh density, 
(2) mesh quality (mean aspect ratio), and
(3) solution platform (FEM codes), 
a nonlinear least squares logistic fit method has been shown to yield FEM results 
extrapolated to one billion degrees of freedom with a measure of 
uncertainty that is useful as a metric for assessing the accuracy of the FEM results.

3. For solving the resonance problem of an MRI birdcage RF coil, we chose to work with
two mesh designs, Mesh-1 (all tetra-10, automatic), and Mesh-2 (mixed hexa-27 
and tetra-10).  After running five solutions of each mesh, and fitting each with a 
4-parameter logistic function, the extrapolated S11 value to the infinite degrees of 
freedom and its uncertainty at one billion degrees of freedom for each mesh is given by

Mesh-1:   S11 = 3.82 dB ( uncertainty, 38.6 % ).

Mesh-2:   S11 = 4.37 dB ( uncertainty, 17.5 % ).

4. We conclude, before making more runs to improve uncertainty

in each mesh, Mesh-2 with less uncertainty is preferred over 

Mesh-1.  Additional runs should be made using Mesh-2 to reduce

uncertainty to less than 1 %.  This is future work and on-going.
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Disclaimer 

Certain commercial equipment, instruments,

materials, or computer software are identified in

this talk in order to specify the experimental or

computational procedure adequately. Such

identification is not intended to imply

recommendation or endorsement by the National

Institute of Standards & Technology, nor is it

intended to imply that the materials, equipment, or

software identified are necessarily the best

available for the purpose.
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Speaker’s Biographical Sketch 

Dr. Jeffrey T. Fong has been Physicist and Project Manager at the Applied and 
Computational Mathematics Division, Information Technology Laboratory, National Institute 

of Standards and Technology (NIST), Gaithersburg, MD, since 1966.  

He was educated at the University of Hong Kong (B.Sc., Engineering, first class honors, 

1955), Columbia University (M.S., Engineering Mechanics, 1961), and Stanford (Ph.D., Applied 

Mechanics and Mathematics, 1966).  Prior to 1966, he worked as a design engineer (1955-63) on 

numerous power plants (hydro, fossil-fuel, nuclear) at Ebasco Services, Inc., in New York City, 

and as teaching & research assistant (1963-66) on engineering mechanics at Stanford University.  
During his 40+ years at NIST, he has conducted research, provided consulting services, 

and taught numerous short courses on mathematical and computational modeling with 

uncertainty estimation for fatigue, fracture, high-temperature creep, nondestructive evaluation, 

electromagnetic behavior, and failure analysis of a broad range of materials ranging from paper, 

ceramics, glass, to polymers, composites, metals, semiconductors, and biological tissues.  

A licensed professional engineer (P.E.) in the State of New York since 1962 and a chartered 

civil engineer in the United Kingdom and British Commonwealth (A.M.I.C.E.) since 1968, he has 

authored or co-authored more than 100 technical papers, and edited or co-edited 17 national or 

international conference proceedings.  He was elected Fellow of ASTM in 1982 and Fellow of 

ASME in 1984.  In 1993, he was awarded the prestigious ASME Pressure Vessels and Piping 

Medal. Most recently, he was honored at the 2014 International Conference on Computational & 

Experimental Engineering & Sciences (ICCES) with a Lifetime Achievement Medal.  

Since 2006, he has been Adjunct Professor of Mechanical Engineering and Mechanics at 
Drexel University and taught a graduate-level 3-credit course on “Finite Element Method 

Uncertainty Analysis.” Since Jan. 2010, he has given every 6 months an on-line 3-hour short 
course at Stanford University on “Reliability and Uncertainty Estimation of FEM Models of 

Composite Structures.”  In 2012, he was appointed Adjunct Professor of Nuclear and Risk 
Engineering at the City University of Hong Kong, and Distinguished Guest Professor at the 

East China University of Science & Technology, Shanghai, China, to teach annually a 1-

credit 16-hour short course on “Engineering Reliability and Risk Analysis.”


