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Several recent experiments have shown the Fourier law is not valid at short length and time scales



Hydrodynamic heat transport equations



Hydrodynamic effects I: Viscosity
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HEAT FLUX REDUCTION

Heat flux needs a distance l to 
change from the value at the
boundary to that on the inner parts 
of the sample



Applicability of hydrodynamic ab initio model

Silicon ℓ =180 nm at 300K

Thin films Holey films

Region of 
predictability

𝑳 > 𝟐ℓ
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Curved heat flow in MC, MD and FE 

Verdier et al. 
J. Phys. Mat., 2 015002 (2019)

Melis et al. 
Phys. Rev. Appl, 11 054059 (2019)  



𝜃

NON-PARAL·LEL VECTORS
Heat flux is not parallel to 
temperature gradient near the
regions with large curvature

Hydrodynamic effects II. Vorticity

𝒒 = −𝜆∇T + ℓ2(∇2𝒒 + 𝟐𝛁𝛁 · 𝐪)



Thermal Boundary Resistance

TBR

FOURIERKCM

Constant TBR

Non-local effects
depending on

ℓ𝟐𝛁𝟐𝒒
TBR 

depending
on size
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𝑘eff =
|𝒒|
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EUV metrology



Frequency Domain Thermoreflectance (FDTR)



Conclusions

❑ Phonon hydrodynamics is a generalization of Fourier with improved predictability at the
nanoscale

❑ Phonon vorticity and viscosity appear as a phenomenological explanations for the thermal
behavior of nanoscale samples allowing to explain the new experiments

❑ In some experiments hydrodynamics can be observed as an increase of a the Thermal
boundary resistance when analyzed with a Fourier model

❑ The simplicity of the equations allows an easy implementation in COMSOL
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