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Abstract—The numerical model in this work for a simple wire-
tube configuration electrostatic precipitator (ESP) is based on
Navier-Stokes and Maxwell’s equations. The connection between
Fluid Dynamics and Electrostatics is established through the
forces exerted on charged particles, namely Drag- and Coulomb-
forces. The simulations are carried out using the commercial code
COMSOL Multiphysics. The air ionization by corona discharge
is described by coupling Poisson’s equation with the continuity
equation for space charge density. The corresponding boundary
condition for the emitting electrode relates the electric field to
the space charge density. This analysis provides a robust and
computational time efficient approach for calculating the initial
space charge density on the electrode using the current density
as fitting parameter.
Results for the electric field and the space charge density have
been analytically verified.

Keywords—Corona Discharge, Electrostatic Precipitation,
Charge Density, Charge Conservation.

I. INTRODUCTION

Electrostatic precipitation is a reliable technology to control
emissions of airborne particles in series of applications such
as coal-fired power plants, cement plants or even for domestic
fireplaces. Particle removal is of international interest, e.g.
a key point of the European Union’s energy politics is the
generation of power from renewable resources such as wood-
burning [1]. Thus, an efficient particle removing device for
exhaust gases treatment is needed. Numerical calculations
allowed for further developments of ESP’s avoiding test stands
and field tests.

II. PHYSICAL MODEL

The physical model for the fluid dynamics part is based
on incompressible Navier-Stokes equations in steady-state
conditions. The resulting velocity field is used into Schiller-
Naumann’s Drag model for particle motion. For submicron-
diameter particles the drag force is corrected by the Cun-
ningham factor, which bridges the gap between molecular and
continuum limit [2].
The second major force acting on particles is the Coulomb
force which is the product of particle charge and the surround-
ing electric field. Whereas the time- respectively location-
dependent particle charge processes can be described by
diffusion- and field-charging effects, the electrostatic part
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needs careful consideration. Derived from Maxwell’s equa-
tions, assuming stationary conditions and neglecting magnetic
influence the following equations need to be fulfilled at every
point of the computational domain for the electrostatic part:

∇ · ~E =
ρel
ε0

(1)

~E = −∇φ (2)

with charge conservation

∇ ·~j = 0 (3)

and
~j = ρel(~w + b ~E)−Dc∇ρel. (4)

With electric field ~E , space charge density ρel, vacuum
permittivity ε0, electric potential φ, current density ~j, velocity
field ~w, ion mobility b and diffusion constant Dc. Equation (1)
combines with equation (2) to Poisson’s equation

∇2φ = −ρel
ε0
. (5)

Neglecting diffusive and convective effects in equation (3) and
(4) yields the second partial differential equation (PDE)

~E∇ρel = −
ρel

2

ε0
. (6)

These PDEs are suited to describe the Corona discharge
problem. The air ionization process is taken into consideration
rather on a macroscopic scale than on molecular level by
setting a boundary condition on the emitting electrode for ~E
and ρel.

III. SIMULATIONS

Corona discharge problems have been numerically investi-
gated by various industry researchers with specific codes such
as ABB [4]. However, for time- and cost-efficient purposes
a stable approach with the commercial tool COMSOL Multi-
physics is proposed, which conveniently offers an interface for
defining customized PDEs.

A. General Setup
The simulation is structured within three studies as follows:
1) Stationary fluid flow simulation using CFD module -

Turbulent Flow SST
2) Stationary electrostatics simulation using Electrostatics

and PDE interface
3) Time-dependent particle motion using Particle Tracing

for Fluid Flow Module
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Fig. 1: Boundary Conditions of the 2D-Axissymmetric case
for all studies.

B. Computation Domain
The boundary conditions for the complete setup are il-

lustrated by figure 1. The geometry is a 2D-axisymmetric
wire-tube configuration. Particular attention is given to the
space charge density on the electrode, which is determined
by the user-operated iteration scheme as shown in figure 2.
A fully coupled solution has been proposed by Favre [3] by
splitting the space charge density in a constant and space-
dependent component. However, this concept has proven to be
too delicate for submicrometer emitting electrodes. Instead in
this work the current density j0 is used as fitting parameter,
with a very simple relation:

ρel0 =
j0
bE0

. (7)

Where E0 is the Corona onset field strength known as
Peek-Kaptzov condition, which assumes that the electric field
strength on the electrode remains constant after reaching the
critical value. The required field strength E0 in [V/m] for a
wire-tube ESP configuration is calculated as follows [5]

E0 = 3× 106fr

(
ms + 0.03

√
ms

R1

)
. (8)

Where fr is a dimensionless fatigue estimation (fr = 0.6 for
practical use), ms denotes the relative gas density and de the
emitting electrode diameter.

C. Mesh
The computational mesh consists of mapped elements with

refinements to the inner and outer electrode. As shown in
figure 3, the ratio from first cell thickness and inner electrode
δ/R1 equals 0.4 which ensures a reliable representation of the
high gradients of the electric field in this area.
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Fig. 2: User-operated iteration scheme for obtaining the space
charge density on the electrode ρ0 with the current density j0
as fitting parameter.
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Fig. 3: Cutout of the 2D-Axissymmetric geometry and the
corresponding computational mesh.

D. Results

1) Study 1 - fluid flow: The computed fluid flow is illustrated
by figure 4 which shows the characteristic velocity profile of a
fully developed turbulent profile. As the emitting electrode is
assumed to be unaffected by the flow, the velocity reaches its
peak value in the emitting electrode region. Thus, no further
validation for the fluid flow part is needed as the results match
literature findings.

2) Study 2 - electrostatics: The results for the electrostatic
part are represented by figure 6 and 7, respectively. The
numerical and analytical solutions for the electric field and
space charge density along the radial coordinate coincide.

3) Study 3 - particle motion: The results for particle motion
are represented in figure 5 for a range of particle diameters
between 0.001 − 10µm. As expected, the smallest particles
are deposited firstly as they barely experience any drag force.
Secondly, the biggest particles are deposited due to their
capability of holding higher charge which leads to a greater
Coulomb force. Particles of intermediate size are the most
difficult to deposit.
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Fig. 4: Study 1 solution for the fluid flow - the fully developed
velocity profile.

IV. ANALYTICAL VERIFICATION

For analytical verification of the wire-tube ESP test case
the following dimensionless distributions of the electric field
and space charge density along the radial component of the
innerspace between the two electrodes have been derived [6]:

E(r)

E0
= Ê =

1

r̂

√
1 + Â(r̂2 − 1) (9)

ρel(r)
ε0E0

R1

= ρ̂el =
Â√

1 + Â(r̂2 − 1)
(10)

with the dimensionless radius r̂ = r/R1 and the dimensionless
current Â

Â =
j0R1

ε0bE2
0

. (11)

As shown by the plots in figures 6 and 7 the numerical and
analytical solutions are identical.

V. CONCLUSION

The approach presented in this paper features a complete
setup of an ESP including a robust semi-coupled iteration
scheme for calculating the space charge density on the emitting
electrode. As the results for the electrostatic study have been
analytically verified, the modelling concept can be extended
to other cases.
Additionally, the present modelling concept was used for a
reconstruction of the calculations and measurements conducted
by Meyer et al. [7, 8]. Whereas numerical results are obtained
easily, the comparison with experimental data diverges due to
the lack of accuracy of measurement devices - since the electric
field close to the emitting electrode experiences high gradients
within sub-millimeter scales, experimental data is too delicate
to obtain.

Kapitel 5. Comsol Analyse 56

0.001µm 0.01µm 0.1µm 1µm 10µm

Abbildung 5.12: Stichprobe von jeweils 24 Partikeltrajektorien für die fünf ausgesuch-
ten Partikeldurchmesser auf den ersten 2.2 Metern des ESP; am schnellsten werden die

extrem kleinen 0.001µm Partikel abgeschieden.
Fig. 5: Study 3 solution for the particle motion - this section
of the ESP shows the particle trajectories for five different
particle sizes.

Fig. 6: Analytical verification of the electric field strength.
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Fig. 7: Analytical verification of the space charge density.

Further investigation on cone-shaped electrode needles, where
the tip of the needle is emitting has been successfully
conducted. The robust, user-operated iteration algorithm has
proven to be suitable also for convection- and diffusion-
affected cases. For this project COMSOL Multiphysics has
been chosen due to its capability of including user-defined
custom PDEs in a coupled manner.
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