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Heart as Muscular Pump

Filling Contraction Ejection Relaxation

The 4 key phases of cardiac cycle
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Figure 1: Phases of the cardiac cycle of a normal human patient. 1) Mitral valve
closes; isovolumetric contraction. 2) Aortic valve opens; ejection. 3) Aortic valve
closes; relaxation. 4) Mitral valve opens, filling. The green area represents the
stroke work.

Left Ventricular Volume (ml)

L
ef

t
V

en
tr

ic
ul

ar
P

re
ss

ur
e

(m
m

H
g)

0 20 40 60 80 100 120 140 160
0

20

40

60

80

100

120

140

160

EDPVR

ES
PV

R

1

2

3

4

Figure 2: EDPVR and ESPVR represent the pressure-volume relationship for
a complete relaxed state, and a highly activated state, respectively. Changes in
EDP make point 1 move along the EDPVR; changes in ESP move point 3 along
ESPVR.

1

PV - loop



Modeling Muscle Contraction
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Figure 3: Schematic of muscle contraction. The tension T developed during
activation depends on the difference between the visible and the contracted
length.

r1 = 3.19 r2 = 3.16 r3 = 2.75 r4 = 2.78

rc,1 = 2.23 rc,2 = 1.91 rc,3 = 1.62 rc,4 = 1.97

Figure 4: Schematic of LV contraction. The top row shows the visible state of the
LV in the four key points of the cycle; the bottom row shows the corresponding
contracted, but unloaded, LV (actually, the first point represents the slack state).
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Figure 1: Phases of the cardiac cycle of a normal human patient. 1) Mitral valve
closes; isovolumetric contraction. 2) Aortic valve opens; ejection. 3) Aortic valve
closes; relaxation. 4) Mitral valve opens, filling. The green area represents the
stroke work.
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Figure 2: EDPVR and ESPVR represent the pressure-volume relationship for
a complete relaxed state, and a highly activated state, respectively. Changes in
EDP make point 1 move along the EDPVR; changes in ESP move point 3 along
ESPVR.
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Kröner-Lee Decomposition
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Figure 3: Active contractions of a ground fiber f.

Sc = ∂φ̂(Ce)

So = 2 Fe Sc
Fo
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Figure 4: Stress measures.

Following [? ], we consider the further multiplicative decomposition

Fe = (J1/3
e ) F̄e , Je = det Fe > 0 , (3.7)

of Fe into spherical and unimodular parts. As strain measure, we use the left Cauchy-Green tensor, denoted Ce, and
its modified counterpart, denoted C̄e, associated with Fe; from equation (3.2), we have

Ce = FT
e Fe = F−T

o C F−1
o = J2/3 C̄e , with C = FT F , C̄e = F̄T

e F̄e . (3.8)

Then, we assume the decoupled form ψ̂(Ce) = ψ̂sh(C̄e) + ψ̂v(Je) where the function ψ̂sh is a purely isochoric
contribution and the function ψ̂v is a purely volumetric contribution to the strain energy ψ̂. In our model, the active
fibres have a relevant role in the passive response of the tissue, too, and we account for their presence in the constitutive
description of the mechanical response of the tissue. So, let the unit vector field e : B→ V describe at any y ∈ B the
fibre at that point. We assume that the isochoric contribution to the strain energy function be additively decomposable
into an isotropic part associated with the isotropic base material and an anisotropic part accounting for the anisotropic
character of the material due to the fibre reinforcement:

ψ̂sh(C̄e) =
1
2
µ(I1(C̄e) − 3) + µγ5F(I5(C̄e)) + µγ4F(I4(C̄e)) , (3.9)

where, for any A ∈ Lin and f ∈ V, it holds

I1(A) = I · A , I5(A) = A2 · e ⊗ e I4(A) = A · e ⊗ e (3.10)
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Non linear Elasticity with Large Distortions
Extremely Effective!

A slender elastic plate reinforced with longitudinal contractile fibres. 
The overall shape of the plate can be controlled to a very large extent by modulating 
the fibre contraction. The first snapshot shows the plate shape when all fibres are 
inactive; the others correspond to differential through-the-thickness contractions of 
increasing intensity.
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Introduction 
 
A key issue in the modelling of biological tissues is the active nature of muscle fibres, in other words, their 
ability to contract and relax in response to biochemical signals. Such a behaviour is commonly accounted 
for through an additive decomposition of the stress into a standard component, representing the passive 
response of the tissue––typically (visco-)elastic––and a nonstandard active component, meant to represent 
the dynamical effects of muscle contraction [Chadwick, 1982]. 
 
We favour a different modelling perspective, in which muscle contraction is accounted for by introducing 
an active deformation, i.e., a change in the unstressed length of muscle fibres. Thus, our model is based on 
a two-layer kinematics, comprising the standard vector-valued displacement field plus a nonstandard 
tensor-valued field parameterizing the evolving stress-free state of muscular tissue. This viewpoint, 
anticipated by the linearized 1D model introduced in [Pelce & Sun, 1995], was developed in [Nardinocchi 
& Teresi, 2007; Cherubini et al., 2008] into a full-fledged nonlinear 3D theory, along the lines set forth by 
the theory of material remodelling [DiCarlo, Quiligotti, 2002; Tringelová et al., 2007]. 
 

 

In this paper, we discuss the computational issues related to the implementation of mathematical models of 
contractile elastic solids meant to simulate various districts of the cardiovascular system (see Fig. 2), based 
on the concepts of active deformation and embedded muscle fibres. An inhomogeneous and anisotropic 
tissue is modelled as a composite consisting of a softer matrix, typically homogeneous and isotropic, and 
stiffer fibres, suitably embedded within the matrix in order to obtain an ad hoc anisotropic response. The 

   

 

 
Figure 1: A slender elastic plate reinforced with longitudinal contractile fibres. The overall shape of the 
plate can be controlled to a very large extent by modulating the fibre contraction. The first snapshot 
shows the plate shape when all fibres are inactive; the others correspond to differential through-the-
thickness contractions of increasing intensity. 
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Key Issues

• Active contractions 

• Passive response

• Anisotropy

• Fibres architecture

• ...

• Mechano-electro-physiology
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The Helical Heart Company

Fibres Architecture
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fibre direction

Deformation measure

Modeling Muscle Contraction

Elastic energy

I4(Ce) = Ce · e⊗ e , I5(Ce) = C2
e · e⊗ e

Strain invariants

Contraction

Ce = F!e Fe = F−!o CF−1
o , C = F!F

fibre stiffness moduli

ψ̂(Ce) =
1
2
µ
(
(I1(Ce)− 3) + γ4 (I4(Ce)− 1)2 + γ5 (I5(Ce)− 1)2

)
+ ψ(Vol)



Fibred Caricature of the Left Ventricle
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• Capture passive response 

• Reproduce End Diastolic & 
End Systolic PV relationships

• Reproduce an actual PV loop 

• Capture contraction-volume 
loop

• ...

• Coupling contraction with 
electrophysiology

Goals
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Figure 1 Structural and mechanical aspects of cardiac anisotropy. Ventricular
myocardium has long been recognized as an anisotropic tissue, with tensile
mechanical properties dictated by cardiac muscle fibre orientation. a, A schematic
diagram illustrating the gross macroscopic appearance of a four-chamber
mammalian heart. b, A full-thickness specimen of adult rat right ventricular
myocardium showing preferentially oriented cardiac muscle fibres, fluorescently
labelled for F-actin and cell nuclei and imaged from the epicardial surface by
confocal microscopy. Scale bar: 50µm; anatomically defined circumferential (CIRC)
and longitudinal (LONG) axes are indicated. c,d, Representative uniaxial tensile
stress–strain plots for circumferential and longitudinal specimens of full-thickness
right ventricular myocardium demonstrated anisotropic mechanical properties
consistent with observed cell orientations (c: full range to demonstrate failure
properties; d: physiologic regime19–21). Collectively, these structural, mechanical
and associated electrical properties comprise the interrelated aspects of
cardiac anisotropy.

under uniaxial tension, with different effective stiffnesses in the
preferred and cross-preferred directions (EPD = 195±8 kPa versus
EXD = 57 ± 3 kPa, p < 0.0001, with an associated anisotropy ratio
EPD/EXD of 3.4±0.2).

To determine if these stiffness values were appropriate,
specimens of adult rat right and left ventricular myocardium

were tested in the circumferential and longitudinal directions,
and effective stiffnesses (ECIRC, ELONG) were obtained in the
linear, physiologic strain regime of ±0.15 (refs 19–21) (Fig. 1c).
Of note, although organ-level cardiac muscle structures22 and
transmural variations in muscle fibre orientation23 are complex,
we defined circumferential and longitudinal axes that respectively
corresponded to the epicardial surface of the heart sectioned
transversely and longitudinally (apex-to-base) as in previous tissue-
engineering13, mechanical19,21 and anatomical2 studies. Compared
to 16 h/160 ◦C PGS accordion-like honeycomb scaffolds, adult
rat right ventricular myocardium (ECIRC = 54 ± 8 kPa versus
ELONG =20±4, p < 0.01, and ECIRC/ELONG =2.8±0.5) was similarly
anisotropic, but less stiff. Adult rat right ventricular myocardium
was more anisotropic and compliant than its left ventricular
counterpart (ECIRC = 157±14 kPa versus ELONG = 84±8, p < 0.01,
and ECIRC/ELONG = 2.1±0.4), leading us to focus on approximating
right ventricular myocardium mechanical properties. We reasoned
that right ventricular myocardial grafts with the potential to
grow, regenerate and remodel could ultimately lead to new
treatments for congenital heart defects, which typically affect the
right ventricle24,25, as well as for right ventricular infarctions,
which frequently complicate left ventricular infarctions26 and are
associated with substantial first-year mortality27.

We next sought a better match between the magnitudes of
EPD and EXD of accordion-like honeycomb scaffolds and ECIRC and
ELONG of adult right ventricular myocardium by reducing the PGS
curing time28. Note that non-porous PGS was recently tailored
for myocardial applications by varying curing temperature29.
PGS was cured at 160 ◦C for times ranging from 4 to 16 h,
yielding a standard curve with a linear dependence of EPGS

on curing time within the tested range (Fig. 2d). Using this
standard curve with the ratios EPD/EPGS = 0.092 ± 0.006 and
EXD/EPGS = 0.027 ± 0.002 calculated from the 16 h/160 ◦C data,
we predicted 7.5 h curing would yield EPD and EXD values of
∼77 and ∼22 kPa, respectively, closely matching the corresponding
values of ECIRC and ELONG of adult right ventricular myocardium.
As predicted, mechanical testing of the 7.5 h/160 ◦C PGS yielded
EPGS = 825 ± 62 kPa, and accordion-like honeycomb scaffolds
fabricated and wetted for 24 h yielded EPD = 83 ± 2 kPa versus
EXD =31±1 kPa (p <0.0002) and EPD/EXD =2.7±0.1 kPa (Table 1;
Supplementary Information, Fig. S1). Strain-to-failure, εf , was
∼1.6 for accordion-like honeycomb scaffolds made of 7.5 h/160 ◦C
PGS (Table 1). In comparison, an isotropic PGS foam we used
previously30,31 seemed less suitable for adult rat right ventricular
myocardium, with EFOAM ∼ 2–9 kPa and εfFOAM ∼ 0.4–0.8 (ranges
estimated from Fig. 9 of Crapo et al.32).

To assess longer-term mechanical stability, accordion-like
honeycomb scaffolds made of 7.5 h/160 ◦C PGS were placed in a
fatigue bath (Supplementary Information, Fig. S2) and subjected to
in vitro cyclic stretch mimicking physiologic loading5,6,33. Specimens
were subjected to cyclic loading at 1 Hz and peak strain of 0.1
(10%) for 1 week in buffered saline at room temperature. Fatigued
scaffolds yielded: EPD = 46 ± 4 kPa versus EXD = 19 ± 0.8 kPa
(p < 0.02), with EPD/EXD = 2.4 ± 0.2 (Table 1; Supplementary
Information, Fig. S3). Compared to adult rat right ventricular
myocardium, fatigued scaffolds exhibited similar mechanical
properties (Table 1) except for higher εf values. Compared to
scaffolds maintained statically in water for 24 h to 3 weeks, fatigued
scaffolds exhibited similar mechanical properties except for a lower
EPD (Table 1; Supplementary Information, Fig. S1).

To assess the mechanical properties with cultured neonatal
rat heart cells, scaffolds made of 7.5 h/160 ◦C PGS (10 × 5 mm,
n=5 per group) were autoclave-sterilized, seeded with cells isolated
from neonatal rat ventricles and cultured in vitro for 1 week.
Grafts yielded an attenuated anisotropic mechanical response
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Filling Contraction Ejection Relaxation

The LV Cycle




End Diastolic & End Systolic 
Pressure-Volume Relationships

End diastolic
response

End systolic
response
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